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Abstract
Let X and Y be Banach spaces and u be a continuous linear operator from X to Y . We prove that
if u∗, the adjoint operator of u, is p-summing for some p  1, then for any q  2, u takes (almost)
unconditionally summable sequences in X into members of q ⊗ˆ Y , the projective tensor product of
q and Y .
 2004 Elsevier Inc. All rights reserved.
1. Introduction
J.S. Cohen [4] and H. Apiola [1] have investigated the p-summing operators and p-
summing adjoint operators between Banach spaces. For a Banach space X and 1 < q < ∞,
q ⊗ˆ X, the projective tensor product of q and X, can be expressed as a Banach sequence
space q〈X〉 (see Q. Bu and J. Diestel [3]). By using the q〈X〉 space together with Khinch-
in’s inequality, Kahane’s inequality, and Pietsch’s domination theorem, Q. Bu [2] deduced
a mapping property of p-summing operators that have a Hilbert space domain. In this pa-
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586 Q. Bu, P.T. Kranz / J. Math. Anal. Appl. 303 (2005) 585–590per, we will apply the q〈X〉 space in an attempt to deduce some mapping properties of
those operators whose adjoints are p-summing for p  1.
2. Preliminary
For a Banach space X and 1 p < ∞, let

strong
p (X) =
{
x¯ = (xn)n ∈ XN:
∞∑
n=1
‖xn‖p < ∞
}
with the norm
‖x¯‖

strong
p (X)
=
( ∞∑
n=1
‖xn‖p
)1/p
,
and let
weakp (X) =
{
x¯ = (xn)n ∈ XN:
∞∑
n=1
∣∣x∗(xn)∣∣p < ∞, ∀x∗ ∈ X∗
}
with the norm
‖x¯‖weakp (X) = sup
{( ∞∑
n=1
∣∣x∗(xn)∣∣p
)1/p
: x∗ ∈ BX∗
}
.
Then strongp (X) and weakp (X) are Banach spaces (see [6, pp. 32–36]). For a Banach space
X and 1 < p,p′ < ∞ such that 1/p + 1/p′ = 1, let
p〈X〉 =
{
x¯ = (xn)n ∈ XN:
∞∑
n=1
∣∣x∗n(xn)∣∣< ∞, ∀(x∗n)n ∈ weakp′ (X∗)
}
with the norm
‖x¯‖p〈X〉 = sup
{ ∞∑
n=1
∣∣x∗n(xn)∣∣: ∥∥(x∗n)n∥∥weak
p′ (X
∗)  1
}
.
Then p〈X〉 is a Banach space (see [1,4]). From the definitions we have for 1 < p < ∞,
p〈X〉 ⊆ strongp (X) ⊆ weakp (X) (1)
and
‖ · ‖weakp (X)  ‖ · ‖strongp (X)  ‖ · ‖p〈X〉. (2)
Moreover, in case dimX = ∞, all the containments in (1) are proper.
Theorem (Bu and Diestel [3]). For a Banach space X and 1 < p < ∞, p〈X〉 is isomet-
rically isomorphic to p ⊗ˆ X, the projective tensor product of p and X.
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space X is called unconditionally summable if the series
∑
n xn converges in X uncondi-
tionally, or equivalently, the Rademacher series
∑
n rn(t)xn converges for every t ∈ [0,1];
while a sequence (xn)n in X is called almost unconditionally summable if
∑
n rn(t)xn
converges for (Lebesgue) almost all t ∈ [0,1] (see [6, p. 230]).
Theorem (Hoffmann-Jorgensen [7] or [6, p. 232]). Let (xn)n be a sequence in a Banach
space X. Then the Rademacher series
∑
n rn(t)xn converges in X for almost all t ∈ [0,1]
if and only if the series ∑n rn(·)xn converges in Lp([0,1],X) for all 0 < p < ∞.
We should mention here Khinchin’s inequality (see [6, p. 10]) and Kahane’s inequality
(see [6, p. 211]) as follows.
Khinchin’s inequality. For any 0 < p < ∞, there are positive constants Ap,Bp such that
for any scalars a1, . . . , an, we have
Ap ·
(
n∑
k=1
|ak|2
)1/2

( 1∫
0
∣∣∣∣∣
n∑
k=1
akrk(t)
∣∣∣∣∣
p
dt
)1/p
 Bp ·
(
n∑
k=1
|ak|2
)1/2
.
Kahane’s inequality. If 0 < p,q < ∞, then there is a constant Kp,q > 0 for which
( 1∫
0
∥∥∥∥∥
n∑
k=1
rk(t)xk
∥∥∥∥∥
q
dt
)1/q
Kp,q ·
( 1∫
0
∥∥∥∥∥
n∑
k=1
rk(t)xk
∥∥∥∥∥
p
dt
)1/p
regardless of the choice of a Banach space X and of finitely many vectors x1, . . . , xn
from X.
Let Rad(X) denote the space of all almost unconditionally summable sequences in a
Banach space X. By Hoffmann-Jorgensen’s theorem and Kahane’s inequality, we can write
Rad(X) =
{
(xn)n ∈ XN:
1∫
0
∥∥∥∥∥
∞∑
n=1
rn(t)xn
∥∥∥∥∥
2
dt < ∞
}
,
and for each (xn)n ∈ Rad(X), define
∥∥(xn)n∥∥Rad(X) =
( 1∫
0
∥∥∥∥∥
∞∑
n=1
rn(t)xn
∥∥∥∥∥
2
dt
)1/2
.
Then with this norm Rad(X) is a Banach space (see [6, p. 233]).
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Theorem 1. Let X and Y be Banach spaces and u be a continuous linear operator from
X to Y . If u∗, the adjoint operator of u, is p-summing for some p  1, then for any q  2,
u takes almost unconditionally summable sequences in X into members of q ⊗ˆ Y .
Proof. By Bu and Diestel’s theorem and Hoffmann-Jorgensen’s theorem, to prove the the-
orem, we need only to prove that u takes members of Rad(X) into members of q〈Y 〉.
Since u∗ is p-summing, by Pietsch’s domination theorem (see [8] or [6, p. 44]) there is a
regular probability measure µ on BY ∗∗ such that for any y∗ ∈ Y ∗,
‖u∗y∗‖ πp(u∗) ·
( ∫
BY∗∗
∣∣〈y∗, y∗∗〉∣∣p dµ(y∗∗)
)1/p
,
where πp(u∗) is the p-summing norm of u∗.
Now for any x1, . . . , xn ∈ X and any y∗1 , . . . , y∗n ∈ Y ∗, by Khinchin’s inequality and
Kahane’s inequality,
n∑
k=1
∣∣〈uxk, y∗k 〉∣∣=
∣∣∣∣∣
n∑
k=1
〈
uxk, θky
∗
k
〉∣∣∣∣∣ (θk = sign 〈uxk, y∗k 〉)
=
∣∣∣∣∣
1∫
0
〈
n∑
k=1
rk(t)xk,
n∑
k=1
rk(t)u
∗θky∗k
〉
dt
∣∣∣∣∣

( 1∫
0
∥∥∥∥∥
n∑
k=1
rk(t)xk
∥∥∥∥∥
p′
dt
)1/p′
·
( 1∫
0
∥∥∥∥∥u∗
(
n∑
k=1
rk(t)θky
∗
k
)∥∥∥∥∥
p
dt
)1/p
K2,p′ ·
( 1∫
0
∥∥∥∥∥
n∑
k=1
rk(t)xk
∥∥∥∥∥
2
dt
)1/2
·
( 1∫
0
∥∥∥∥∥u∗
(
n∑
k=1
rk(t)θky
∗
k
)∥∥∥∥∥
p
dt
)1/p
K2,p′ ·
∥∥(xk)n1∥∥Rad(X) · πp(u∗)
·
( 1∫
0
( ∫
BY∗∗
∣∣∣∣∣
〈
n∑
k=1
rk(t)θky
∗
k , y
∗∗
〉∣∣∣∣∣
p
dµ(y∗∗)
)
dt
)1/p
= K2,p′ · πp(u∗) ·
∥∥(xk)n1∥∥Rad(X)
·
( ∫ ( 1∫ ∣∣∣∣∣
n∑
k=1
rk(t)
〈
θky
∗
k , y
∗∗〉∣∣∣∣∣
p
dt
)
dµ(y∗∗)
)1/p
BY∗∗ 0
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∥∥(xk)n1∥∥Rad(X) · Bp
·
( ∫
BY∗∗
(
n∑
k=1
∣∣〈θky∗k , y∗∗〉∣∣2
)p/2
dµ(y∗∗)
)1/p
 Bp · K2,p′ · πp(u∗) ·
∥∥(xk)n1∥∥Rad(X) · ∥∥(θky∗k )n1∥∥weak2 (Y ∗)
 Bp · K2,p′ · πp(u∗) ·
∥∥(xk)n1∥∥Rad(X) · ∥∥(y∗k )n1∥∥weak2 (Y ∗).
This shows that for each (xn)n ∈ Rad(X) and each (y∗n)n ∈ weak2 (Y ∗),
∞∑
n=1
∣∣〈uxn, y∗n 〉∣∣< ∞.
Note that weak
q ′ (Y
∗) ⊆ weak2 (Y ∗) for q ′  2. So we have for each (xn)n ∈ Rad(X) and each
(y∗n)n ∈ weakq ′ (Y ∗),
∞∑
n=1
∣∣〈uxn, y∗n 〉∣∣< ∞.
That is, for each (xn)n ∈ Rad(X), (uxn)n ∈ q〈Y 〉. 
Corollary 2. Let X and Y be Banach spaces and u be a continuous linear operator from
X to Y . If u∗ is p-summing for some p  1, then for any q  2, u takes unconditionally
summable sequences in X into members of q ⊗ˆ Y .
Recall that (see [5]) a series ∑n xn converges unconditionally in a Banach space X if
and only if the series
∑
n en ⊗ xn converges in 1 ⊗ˇ X, the injective tensor product of 1
and X. This yields the following
Corollary 3. Let X and Y be Banach spaces and u be a continuous linear operator from
X to Y . If u∗ is p-summing for some p  1, then for any q  2, u takes members of 1 ⊗ˇX
into members of q ⊗ˆ Y .
Now let us consider the inverse of Theorem 1. If u takes almost unconditionally sum-
mable sequences in X into members of q ⊗ˆ Y for any q  2, is u∗ p-summing for some
p  1? The answer is no in general. For example, it is known from [5] that if X = L1[0,1]
then Rad(X) = 2 ⊗ˆX. Thus the identity operator on L1[0,1] takes almost unconditionally
summable sequences in L1[0,1] into members of 2 ⊗ˆ L1[0,1]. But the identity operator
on L∞[0,1] is not p-summing for any p  1. However, the answer is yes in case the
domain space has type 2. That is the following
Theorem 4. Let X and Y be Banach spaces such that X has type 2, and let u be a continu-
ous linear operator from X to Y . Then u takes almost unconditionally summable sequences
in X into members of 2 ⊗ˆ Y if and only if u∗ is 2-summing.
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mable sequences in X into members of 2 ⊗ˆY then u∗ is 2-summing. It is well known that
an operator from a Banach space E to a Banach space F is p-summing (1 p < ∞) if and
only if it takes members of weakp (E) into members of 
strong
p (F ). So to prove the theorem,
we need only to show that if u takes members of Rad(X) into members of 2〈Y 〉, then u∗
takes members of weak2 (Y
∗) into members of strong2 (X∗).
Let (xn)n ∈ strong2 (X) and (y∗n)n ∈ weak2 (Y ∗). Since X has type 2, it follows from
[6, Proposition 12.4, p. 233] that (xn)n ∈ Rad(X) and so (uxn)n ∈ 2〈Y 〉. Thus
∞∑
n=1
∣∣〈uxn, y∗n 〉∣∣< ∞.
That is,
∞∑
n=1
∣∣〈xn,u∗y∗n 〉∣∣< ∞.
Since (xn)n is arbitrary in strong2 (X), (u
∗y∗n)n ∈ strong2 (X∗). 
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